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Abstract
Motivated by the recent work of Vilar et al. [1] we enhance our non-commuta-
tive translation invariant gauge model [2] by introducing auxiliary fields and ghosts
forming a BRST doublet structure. In this way localization of the problematic 1
D2
term
can be achieved without the necessity for any additional degrees of freedom. The result-
ing theory is suspected to be renormalizable. A rigorous proof, however, has not been
accomplished up to now.
1 Introduction
Tackling the infamous UV/IR mixing problem plaguing Moyal-deformed QFTs has been
one of the main research interests in the field for almost a decade (see [3, 4, 5] for reviews
of the topic.) It is accepted on a broad basis that non-commutativity creates the need for
additional terms in the action to reobtain renormalizability. Several interesting approaches
have been worked out [6, 7], and proofs of renormalizability have been achieved mainly by
utilizing multi-scale analysis [8, 9], or formally in the matrix base [10].
Quite independent of these developments Gurau et al. [11] introduced a term of type φ⋆ 1

φ
in the Lagrangian which modifies the theory in the infrared region and, in this way, renders
it renormalizable. This was in fact proven to all orders by the authors using multi-scale anal-
ysis. Motivated by the inherent translation invariance and simplicity of this model (referred
to as 1
p2
model,) a thorough study of the divergence structure and explicit renormalization
at one-loop level [12] as well as a computation of the beta functions [13] have been carried
out.
In the following we will premise Euclidean R4 with the Moyal-deformed product [xµ ⋆, xν ] ≡
xµ⋆xν−xν⋆xµ = iθµν of regular commuting coordinates xµ. The real parameters θµν = −θνµ
form the block-diagonal tensor
(θµν) = θ

0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0
 , with θ ∈ R . (1)
With these definitions we use the abbreviations v˜µ ≡ θµνvν for vectors v and M˜ ≡ θ
µνMµν
for matrices M .
A generalization of the scalar φ4, 1
p2
model to U(1) gauge theory was first proposed
in [14] yielding the action
S = Sinv[A] + Sgf[A, b, c, c¯]
=
∫
d4x
[1
4
Fµν ⋆ F
µν+ Fµν ⋆
1
D2D˜2
⋆ Fµν
]
+
∫
d4x
[
b ⋆ ∂ · A−
α
2
b ⋆ b− c¯ ⋆ ∂µDµc
]
, (2)
with the usual gauge boson Aµ, ghost and antighost fields c and c¯ respectively, the Lagrange
multiplier field b, and a real U(1) gauge parameter α. The antisymmetric field strength
tensor Fµν and the covariant derivative Dµ are defined by
Fµν = ∂µAν − ∂νAµ − ig [Aµ ⋆, Aν ] , and Dµϕ = ∂µϕ− ig [Aµ ⋆, ϕ] , (3)
for arbitrary ϕ. The term
Snloc =
∫
d4xFµν ⋆
1
D2D˜2
⋆ Fµν , (4)
implements the damping mechanism of the 1
p2
model by Gurau et al. [11]. It is of inherently
non-local nature and gives rise to an infinite number of gauge boson vertices as described
in Ref. [12]. However, there are several approaches for localization which deserve to be
discussed in more detail below in Section 2. First, we briefly review our early attempts in
this endeavour which led to the introduction of additional degrees of freedom. Subsequently,
as an alternative way to tackle the problem, a modified version of the model with auxiliary
fields forming BRST doublet structures is discussed. This latter approach aims to form a
basis for the application of algebraic (or equivalently any other) renormalization which will
be postponed to a future publication. The UV power counting is discussed in Section 3.3,
and a short conclusion and outlook are given in Section 4.
2 The Art of Localization
Recently two different methods of localization for terms of the type 1
D2
have been proposed
[2, 1]. In the following these approaches shall be reviewed briefly.
2.1 Introduction of an Auxiliary Field
The problem of the infinite power series raised by Eqn. (3) can be avoided by the introduction
of at least one additional real antisymmetric field Bµν of mass dimension two, as described
2
in [2]:
Snloc → Sloc =
∫
d4x
[
a′Bµν ⋆ Fµν − Bµν ⋆ D˜
2D2 ⋆ Bµν
]
, (5)
which represents the simplest case. However, this method introduces new physical degrees
of freedom which can only be avoided if the new terms in the action are written as an
exact BRST variation. In order for such a mechanism to work, further unphysical fields are
required.
2.2 Localization a` la Vilar et al.
Recently, Vilar et al. [1] found an alternative way to rewrite the critical term (3) by intro-
ducing two pairs of auxiliary complex conjugated antisymmetric tensorial fields (Bµν , B¯µν),
and (χµν , χ¯µν) of mass dimension one,
Snloc → Sloc = Sloc,0 + Sbreak
=
∫
d4x
(
χ¯µν ⋆ D
2Bµν + B¯µν ⋆ D
2χµν + γ
2χ¯µν ⋆ χµν
)
+ Sbreak , (6)
with γ being a parameter of mass dimension one. The term Snloc is now split into a BRST
invariant part Sloc,0, and a breaking term Sbreak as can be seen by explicit calculation with
the definitions in Ref. [1]. The additional degrees of freedom are eliminated by following
the ideas of Zwanziger [15] (see [16] for a more comprehensive review of the topic) to add a
ghost for each auxiliary field in such a way that BRST doublet structures are formed. This
results in a trivial BRST cohomology for Sloc,0 from which follows [17] that
sSloc,0 = 0 ⇒ Sloc,0 = sSˆloc,0 , (7)
i.e. the part of the action depending on the auxiliary fields and their associated ghosts can be
written as an exact expression with respect to the nilpotent BRST operator s. Unfortunately
the breaking term does not join this nice property due to a non-trivial cohomology. However,
it is constructed such that its mass dimension is smaller than four, the dimension of the
underlying Euclidean space. Such a breaking is referred to as “soft” (c.f. Ref. [17]) and does
not spoil renormalizability. In fact, Sbreak is the actual origin of the avoidance of UV/IR
mixing featured by this theory as it alters the IR sector while not affecting the UV part.
The mechanism of soft breaking in combination with UV renormalization will be discussed
in the subsequent sections below.
3 New Model Omitting the Double Quartet Structure
The starting point is the gauge invariant part Sloc (c.f. Eqn. (5)) of the action (2) which has
originally been introduced to localize the term (3). As has been shown in [2] the auxiliary
field Bµν appears to have its own dynamic properties representing additional degrees of
freedom. Following [1] we introduce an additional pair of ghost and antighost fields ψµν and
ψ¯µν , and furthermore turn Bµν into a complex conjugated pair (Bµν , B¯µν) of fields in order
to replace Eqn. (5) with
Sloc =
∫
d4x
[
λ
2
(
Bµν + B¯µν
)
Fµν − µ2B¯µνD
2D˜2Bµν + µ2ψ¯µνD
2D˜2ψµν
]
, (8)
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where (as in the remainder of this section) all field products are considered to be star
products. The parameters λ and µ both have mass dimension 1 and replace the former
dimensionless parameter a′.
It is easy to show the equivalence of this localized action and the original non-local
version by employing the path integral formalism:
Z =
∫
D(ψ¯ψB¯BA) exp
{
−
(∫
d4x
1
4
FµνF
µν + Sloc
)}
=
∫
D(B¯BA) det4
(
µ2D2D˜2
)
exp
{
−
∫
d4x
[
1
4
FµνF
µν +
λ
2
(
Bµν + B¯µν
)
Fµν
− µ2B¯µνD
2D˜2Bµν
]}
=
∫
D(B¯BA) det4
(
µ2D2D˜2
)
exp
{
−
∫
d4x
[
1
4
FµνF
µν +
λ2
4µ2
Fµν
1
D˜2D2
Fµν−
−
(
B¯µν −
λ
2µ2
1
D˜2D2
Fµν
)
µ2D2D˜2
(
Bµν −
λ
2µ2
1
D˜2D2
Fµν
)]}
=
∫
DAdet4
(
D2D˜2
)
det−4
(
D2D˜2
)
exp
{
−
∫
d4x
[
1
4
FµνF
µν +
λ2
4µ2
Fµν
1
D˜2D2
Fµν
]}
.
(9)
When considering Landau gauge fixing, i.e.
Sφπ =
∫
d4x (b∂µAµ − c¯∂
µDµc) , (10)
one has the following BRST transformation laws for the fields:
sAµ = Dµc , sc = igcc ,
sc¯ = b , sb = 0 ,
sFµν = ig [c, Fµν ] , (11)
and furthermore
sψ¯µν = B¯µν + ig
{
c, ψ¯µν
}
, sB¯µν = ig
[
c, B¯µν
]
,
sBµν = ψµν + ig [c,Bµν ] , sψµν = ig {c, ψµν} . (12)
Observe that with the BRST doublet structure of Eqn. (12) one can write
Sloc =
∫
d4x
[
λ
2
BµνF
µν + s
(
λ
2
ψ¯µνF
µν − µ2ψ¯µνD
2D˜2Bµν
)]
, (13)
where the first term gives rise to a breaking of BRST invariance, as
sSbreak =
∫
d4x
λ
2
ψµνF
µν , with Sbreak =
∫
d4x
λ
2
BµνF
µν . (14)
Since the mass dimension dm of the field dependent part of Sbreak fulfills the condition
dm (ψµνF
µν) = 3 < D = 4 the breaking is considered to be “soft”. As has been shown
by Zwanziger [18] terms of this type do not spoil renormalizability. In order to restore
4
BRST invariance in the UV region (as is a prerequisite for a future application of algebraic
renormalization) an additional set of sources
sQ¯µναβ = J¯µναβ + ig
{
c, Q¯µναβ
}
, sJ¯µναβ = ig
[
c, J¯µναβ
]
,
sQµναβ = Jµναβ + ig {c,Qµναβ} , sJµναβ = ig [c, Jµναβ ] , (15)
is introduced, and coupled to the breaking term which then takes the form
Sbreak =
∫
d4x s
(
Q¯µναβB
µνFαβ
)
=
∫
d4x
(
J¯µναβB
µνFαβ − Q¯µναβψ
µνFαβ
)
. (16)
Eqn. (14) is reobtained if the sources Q¯ and J¯ take their “physical values”
Q¯µναβ
∣∣
phys
= 0 , J¯µναβ
∣∣
phys
=
λ
4
(δµαδνβ − δµβδνα) ,
Qµναβ
∣∣
phys
= 0 , Jµναβ
∣∣
phys
=
λ
4
(δµαδνβ − δµβδνα) . (17)
Note that the hermitian conjugate of the counterterm Sbreak in Eqn. (8), (i.e. the term∫
d4xB¯µνFµν) may also be coupled to external sources which, however, is not required for
BRST invariance but restores hermiticity of the action.
λ
2
∫
d4xB¯µνFµν −→
∫
d4x s
(
Jµναβ ψ¯µνFαβ
)
=
∫
d4xJµναβB¯µνFαβ . (18)
Including external sources Ωφ, φ ∈ {A, c,B, B¯, ψ, ψ¯, J, J¯ ,Q, Q¯} for the non-linear BRST
transformations the complete action with Landau gauge ∂µAµ = 0 and general Q/Q¯ and
J/J¯ reads:
S = Sinv + Sφπ + Snew + Sbreak + Sext , (19)
with
Sinv =
∫
d4x
1
4
FµνF
µν ,
Sφπ =
∫
d4x s (c¯ ∂µAµ) =
∫
d4x (b ∂µAµ − c¯ ∂
µDµc) ,
Snew =
∫
d4x s
(
Jµναβ ψ¯
µνFαβ − µ2ψ¯µνD
2D˜2Bµν
)
=
∫
d4x
(
JµναβB¯
µνFαβ − µ2B¯µνD
2D˜2Bµν + µ2ψ¯µνD
2D˜2ψµν
)
,
Sbreak =
∫
d4x s
(
Q¯µναβB
µνFαβ
)
=
∫
d4x
(
J¯µναβB
µνFαβ − Q¯µναβψ
µνFαβ
)
,
Sext =
∫
d4x
(
ΩAµD
µc+ igΩccc+ΩBµν (ψ
µν + ig [c,Bµν ]) + igΩB¯µν
[
c, B¯µν
]
+igΩψµν {c, ψ
µν}+Ωψ¯µν
(
B¯µν + ig
{
c, ψ¯µν
})
+ΩQµναβ
(
Jµναβ + ig
{
c,Qµναβ
})
+igΩJµναβ
[
c, Jµναβ
]
+ΩQ¯µναβ
(
J¯µναβ + ig
{
c, Q¯µναβ
})
+ igΩJ¯µναβ
[
c, J¯µναβ
])
.
(20)
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Tab. 1 summarizes properties of the fields and sources contained in the model (20).
Notice that the mass µ is a physical parameter despite the fact that the variation of the
action ∂S
∂µ2
= s
(
ψ¯µνD
2D˜2Bµν
)
yields an exact BRST form. Following the argumentation
in Ref. [17] this is a consequence of the introduction of a soft breaking term. For vanishing
Gribov-like parameter λ the contributions to the path integral of the µ dependent sectors
of Snew in (20) cancel each other. If λ 6= 0 one has to consider the additional breaking term
which couples the gauge field Aµ to the auxiliary field Bµν and the associated ghost ψµν .
This mixing is reflected by the appearance of a′ = λ/µ in the damping factor
(
k2 + a
′2
k˜2
)
featured by all field propagators (31c)–(31f).
3.1 Symmetries
Aiming to apply the method of algebraic renormalization we explore the symmetry content
of the proposed theory. The Slavnov-Taylor identity is given by
B(S) =
∫
d4x
[ δS
δΩAµ
δS
δAµ
+
δS
δΩc
δS
δc
+ b
δS
δc¯
+
δS
δΩBµν
δS
δBµν
+
δS
δΩB¯µν
δS
δB¯µν
+
δS
δΩψµν
δS
δψµν
+
δS
δΩψ¯µν
δS
δψ¯µν
+
δS
δΩQµναβ
δS
δQµναβ
+
δS
δΩJµναβ
δS
δJµναβ
+
δS
δΩQ¯µναβ
δS
δQ¯µναβ
+
δS
δΩJ¯µναβ
δS
δJ¯µναβ
]
= 0 . (21)
Furthermore we have the gauge fixing condition
δS
δb
= ∂µAµ = 0 , (22)
the ghost equation
G(S) = ∂µ
δS
δΩAµ
+
δS
δc¯
= 0 , (23)
and the antighost equation
G¯(S) =
∫
d4x
δS
δc
= 0 . (24)
Table 1: Properties of fields and sources.
Field Aµ c c¯ Bµν B¯µν ψµν ψ¯µν Jαβµν J¯αβµν Qαβµν Q¯αβµν
g♯ 0 1 -1 0 0 1 -1 0 0 -1 -1
Mass dim. 1 0 2 1 1 1 1 1 1 1 1
Statistics b f f b b f f b b f f
Source ΩAµ Ω
c b ΩBµν Ω
B¯
µν Ω
ψ
µν Ω
ψ¯
µν ΩJαβµν Ω
J¯
αβµν Ω
Q
αβµν Ω
Q¯
αβµν
g♯ -1 -2 0 -1 -1 -2 0 -1 -1 0 0
Mass dim. 3 4 2 3 3 3 3 3 3 3 3
Statistics f b b f f b b f f b b
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Following the notation of Ref. [1] the identity associated to the BRST doublet structure
is given by
U
(1)
αβµν(S) =
∫
d4x
(
B¯αβ
δS
δψ¯µν
+Ωψ¯µν
δS
δΩB¯αβ
+ ψαβ
δS
δBµν
− ΩBµν
δS
δΩψαβ
+Jµνρσ
δS
δQαβρσ
+ΩQαβρσ
δS
δΩJµνρσ
+ J¯µνρσ
δS
δQ¯αβρσ
+ΩQ¯αβρσ
δS
δΩJ¯µνρσ
)
= 0 . (25)
It is interesting to mention that the first two terms of the second line,∫
d4x
(
Jµνρσ
δS
δQαβρσ
+ΩQαβρσ
δS
δΩJµνρσ
)
= 0 ,
constitute a symmetry by themselves. These terms stem from the insertion of conjugated
field partners J and Q for J¯ and Q¯, respectively, which are not necessarily required as
discussed above in Section 3.
Furthermore, we have the linearly broken symmetries U (0) and U˜ (0):
U
(0)
αβµν(S) = −Θ
(0)
αβµν = −U˜
(0)
αβµν(S) , (26)
with
U
(0)
αβµν(S) =
∫
d4x
[
Bαβ
δS
δBµν
− B¯µν
δS
δB¯αβ
− ΩBµν
δS
δΩBαβ
+ΩB¯αβ
δS
δΩB¯µν
+Jαβρσ
δS
δJµνρσ
− J¯µνρσ
δS
δJ¯αβρσ
− ΩJµνρσ
δS
δΩJαβρσ
+ΩJ¯αβρσ
δS
δΩJ¯µνρσ
]
, (27)
U˜
(0)
αβµν(S) =
∫
d4x
[
ψαβ
δS
δψµν
− ψ¯µν
δS
δψ¯αβ
− Ωψµν
δS
δΩψαβ
+Ωψ¯αβ
δS
δΩψ¯µν
+Qαβρσ
δS
δQµνρσ
− Q¯µνρσ
δS
δQ¯αβρσ
− ΩQµνρσ
δS
δΩQαβρσ
+ΩQ¯αβρσ
δS
δΩQ¯µνρσ
]
, (28)
Θ
(0)
αβµν =
∫
d4x
[
B¯µνΩ
ψ¯
αβ − ψαβΩ
B
µν + J¯µνρσΩ
Q¯
αβρσ − JαβρσΩ
Q
µνρσ
]
. (29)
Finally, the model features a symmetry denoted by U (2),
U
(2)
µναβ =
∫
d4x
(
ψµν
δS
δψ¯αβ
+ ψαβ
δS
δψ¯µν
− Ωψ¯µν
δS
δΩψαβ
− Ωψ¯αβ
δS
δΩψµν
)
= 0. (30)
Detailed investigation of the above relations, and their application to renormalization are in
progress and will constitute a major part of a forthcoming paper.
3.2 Propagators:
From the action (19) and (20) with J/J¯ and Q/Q¯ set to their physical values given by (17)
one can easily derive the propagators
Gc¯c(k) = −
1
k2
, (31a)
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Gψ¯ψµν,ρσ(k) = −
(δµρδνσ − δµσδνρ)
2µ2k2k˜2
, (31b)
GAAµν (k) =
1(
k2 + a
′2
k˜2
) (δµν − kµkν
k2
)
, (31c)
GABµ,ρσ(k) =
ia′
2µ
(kρδµσ − kσδµρ)
k2k˜2
(
k2 + a
′2
k˜2
) = GAB¯µ,ρσ(k) = −GB¯Aρσ,µ(k) , (31d)
GB¯Bµν,ρσ(k) =
−1
2µ2k2k˜2
δµρδνσ − δµσδνρ − a′2kµkρδνσ + kνkσδµρ − kµkσδνρ − kνkρδµσ
2k2k˜2
(
k2 + a
′2
k˜2
)
 ,
(31e)
GBBµν,ρσ(k) =
a′2
4k2k˜2
kµkρδνσ + kνkσδµρ − kµkσδνρ − kνkρδµσ
µ2k2k˜2
(
k2 + a
′2
k˜2
)
 = GB¯B¯µν,ρσ(k) , (31f)
where the abbreviation a′ ≡ λ/µ was used. From the form of these propagators we notice
that both GBB¯ and Gψ¯ψ scale with 1/k2k˜2 in the ultraviolet. Furthermore, all vertices with
one B, one B¯ and an arbitrary number of A legs have exactly the same form as the ones
with one ψ, one ψ¯ and an arbitrary number of A legs. Therefore, considering our previous
results of [2], we expect all divergent contributions to the vacuum polarization coming from
the ψ sector to exactly cancel those coming from the B sector. Of course this conjecture
has to be proven by explicit calculations which are in progress.
Note that the propagators obey the following symmetries and relations:
GABµ,ρσ(k) = G
AB¯
µ,ρσ(k) = −G
BA
ρσ,µ(k) = −G
B¯A
ρσ,µ(k), (32a)
Gφµν,ρσ(k) = −G
φ
νµ,ρσ = −G
φ
µν,σρ(k) = G
φ
νµ,σρ(k), (32b)
for φ ∈ {ψ¯ψ, B¯B,BB, B¯B¯},
2k2k˜2GABρ,µν(k) = i
a′
µ
(
kµG
AA
ρν (k)− kνG
AA
ρµ (k)
)
, (32c)
1
µ2
(δµρδνσ − δµσδνρ) = i
a′
µ
(
kµG
BA
ρσ,ν(k)− kνG
BA
ρσ,µ(k)
)
− 2k2k˜2GBB¯µν,ρσ(k), (32d)
0 = i
a′
µ
(
kµG
BA
ρσ,ν(k)− kνG
BA
ρσ,µ(k)
)
− 2k2k˜2GBBµν,ρσ(k), (32e)
GBB¯µν,ρσ(k) = G
ψ¯ψ
µν,ρσ(k) +G
BB¯
µν,ρσ(k). (32f)
In fact, relations (32c)-(32e) follow directly from the equations of motion for Bµν and B¯µν .
3.3 Power counting
The superficial degree of UV divergence is determined by the number of external legs of the
various fields denoted by E. Its explicit form is given by:
dγ = 4− EA − Ec/c¯ − 2EB − 2EB¯ − 2Eψψ¯ − 2Eθ , (33a)
dγ = 4− EA − Ec/c¯ − 2Ea′ , (33b)
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where
Ea′ = EB + EB¯ + Eψ/ψ¯ + Eθ , (34)
and Eθ counts negative powers of θ. It is possible that Eθ becomes negative. Hence, the
first version (counting Ea′ , i.e. the overall powers of a
′ in a graph) is probably more useful,
as Ea′ ≥ 0.
4 Conclusion and Outlook
Motivated by the recent work of Vilar et al. [1] we have proposed a modified version of our
translation invariant non-commutative 1p2 U(1) gauge model [2] being localized by introduc-
ing auxiliary fields together with associated ghosts and antighosts. This procedure avoids
the occurrence of additional degrees of freedom which has been subject of criticism [1]. The
1
p2
model features an IR damping mechanism which suppresses the infamous UV/IR mixing
problem of non-commutative QFT (c.f. references [11, 12, 2]). Careful construction of BRST
doublet structures paves the path for the application of the well known algebraic renormal-
ization procedure [19]. The unavoidable soft breaking which spoils BRST invariance can be
cured in the UV by introducing a doublet of sources to restore the symmetry. Demanding
these sources to take appropriate physical values, i.e. to reduce to some unity-valued tensor
structure or to vanish (cf. Eqn. (17)), one is able to renormalize the high energy behaviour
in a standard way while maintaining the desirable IR damping. We have shown that the
resulting model obeys the Slavnov-Taylor identity, gauge fixing condition, ghost equation,
and the symmetries U (0), U˜ (0), U (1), U˜ (1), and U (2) introduced in Ref. [1].
It remains to derive the most general counterterm and conduct the loop calculations neces-
sary for the determination of coefficients which is postponed to future publications.
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